Abstract. Generalizing Feingold-Frenkel's construction we use Weyl bosonic fields to construct toroidal Lie algebras of types An, Bn, Cn and Dn of level −1, −2, −1/2 and −2 respectively. In particular, our construction also gives new bosonic construction for the orthogonal Lie algebras in the cases of affine Lie algebras.
Introduction
Toroidal Lie algebras are natural generalization of the affine Kac-Moody algebras [MRY] that enjoy many similar interesting features. Let g be a finitedimensional complex simple Lie algebra of type X n , and R = C[s, s −1 , t, t −1 ] be the ring of Laurent polynomials in commuting variables s and t. By definition a 2-toroidal Lie algebra of type X n is a perfect central extension of the iterated loop algebra g ⊗ R, and can be realized as certain homomorphic image of the universal central extension T (X n ) = (g ⊗ R) ⊕ Ω R /dR, where Ω R /dR is Kähler differentials of R modulo the exact forms. The center contains two special elements c 0 , c 1 . A module of T (X n ) is called a level-(k 0 , k 1 ) module if the standard pair of central elements (c 0 , c 1 ) acts as (k 0 , k 1 ) for some complex numbers k 0 and k 1 . In this work we will focus on modules with k 0 = 0. Two-toroidal Lie algebras resemble affine Lie algebras in many aspects. Their main source of representations are vertex operators (cf. [MRY, B, BBS] ). In [T] the toroidal Lie algebra of type B n was constructed by fermionic operators (see also [JMg] ), and in [G] two constructions were given for the extended affine Lie algebras of type A n . In [FJW] the first author and collaborators used McKay correspondence to realize level one representation of toroidal Lie algebras of simply laced types. In the recent paper [JM] a unified fermionic construction of toroidal Lie algebras of classical types was given by extending Feingold-Frenkel realization coupled with new ghost fields. We pointed out there that the fermionic construction can not be directly generalized to symplectic toroidal Lie algebras as one needs bosons to realize the long root vector 2ε n .
In this paper we give a unified Weyl bosonic construction of all classical toroidal Lie algebras. Our work in types C and A are toroidal analog of Feingold-Frenkel construction [FF] for the affine Lie algebras (see also [L] for a recent treatment of Feingold-Frenkel construction) . We also construct bosonic realizations for types D and B. This includes, as special cases, new constructions (at level −2) for orthogonal affine Lie algebras. The main idea is again similar to that of [JM] to construct certain operators corresponding to the special nodes in the affine Dynkin diagrams. This novelty is special for the cases of toroidal Lie algebras. In a sense we have also obtained field operators corresponding to imaginary root vectors.
The Weyl bosonic construction for orthogonal toroidal Lie algebras is not directly obtained by mimicking that of type A or C and we have to use new embedding of the Lie algebras into type A to achieve the goal, this partly explains why this construction has been missed in previous available constructions of affine Lie algebras. Like the Neveu-Schwarz and Ramond fields in the fermionic case, our field operators have two forms indexed by half-integers and integers respectively.
The structure of the paper is as follows. In section 2 we define the toroidal Lie algebra, and state MRY-presentation [MRY] of the toroidal algebra in terms of generators and relations. In section 3 we start with a finite rank lattice with an anti-symmetric bilinear form and define a Fock space and some bosonic field (vertex) operators, which in turn give level −1 representations of the toroidal Lie algebras of type A n , level −1/2 modules for type C, and level −2 modules for types B n , D n . The proof is an extensive analysis of the operator product expansions for the field operators. We also include the verification of the Serre relations.
Toroidal Lie Algebras
A special quotient algebra of the toroidal Lie algebra T (X n ) is the double affine algebra, denoted by T 0 (X n ), that is the toroidal Lie algebra of type X n with a two dimensional center. The double affine algebra is the quotient of T (X n ) modulo all the central elements with degree other than zero. In fact, T 0 (X n ) has the following realization
where R is a ring and the Lie product is
For our purpose we will need the formal power series in variables z, w. In particular we will need the formal delta functions δ(z − w) = n∈Z z −n−1 w n . This could be understood as follows.
where ι z,w means expansion when |z| > |w|. For simplicity in the following we will drop ι z,w if it is clear from the context. For n ≥ 1 let (a ij ) n+1×n+1 be the generalized Cartan matrix of the affine algebra X
(1) n , and Q := Zα 0 ⊕ Zα 1 ⊕ · · · ⊕ Zα n its root lattice. The toroidal Lie algebra T (X n ) [MRY] is the Lie algebra generated by c, α i (k), and x k (±α i ) for i = 0, 1, · · · , n, k ∈ Z with the following relations:
where we have used the follow power series:
We remark that the 2-toroidal Lie algebra of type X n includes two affine Lie algebras of type X
( 1) n as subalgebras.
Representations of the Toroidal Algebra
In this section we give two unified bosonic realizations for the toroidal Lie algebra of classical types A n−1 , B n , C n and D n using bosonic analogs of NeveuSchwarz and Ramond fermioninc fields.
Let ε i (i = 1, . . . , n + 1) be a set of orthonormal basis of the vector space C n+1 equipped with the inner product ( | ) such that
Let P 0 = Zε 1 ⊕ · · · ⊕ Zε n be a sublattice of rank n, and let ε ′ 0 be an external unit vector orthogonal to ε i and introduce c =
The simple roots for the classical finite dimensional Lie algebras can be realized simply by defining the simple roots as follows:
Then the set of positive roots are:
The highest (long) root α max for each type is given as follows: * , KAILASH C. MISRA, AND CHONGBIN XU
We further introduce the element
in the lattice and then define β = −c + ε 1 for type ABD, and β = − √ 2c + ε 1 for type C. Then we have
for type A n−1 and k = n for types B n C n D n ) are the weight lattice and root lattice for the corresponding affine Lie algebra, and P 0 = Zε 1 ⊕ · · · ⊕ Zε n and Q 0 = Zα 1 ⊕ · · · ⊕ Zα k (k = n − 1 for type A n−1 and k = n for types B n C n D n ) are the weight lattice and root lattice for the simple Lie algebras A n−1 , B n , C n , D n . Then (α i |α j ) = d i a ij , where a ij are the entries of the affine Cartan matrix of type (ABCD)
(1) , and the d i 's are given by:
Note that the bilinear form ( | ) is non-degenerate on the affine root lattice or the span of {β} ∪ {α i } (i ≥ 1).
We introduce infinite dimensional Weyl algebras as follows. Let Z = Z or Z = Z + 1/2. Let P C = P ⊗ C be the C-vector space spanned by c and ε i , 1 ≤ i ≤ n in various types. To combine all types we will also introduce another set of orthonormal vectors ε i , 1 ≤ i ≤ n + 1 such that (3.4) (ε i |ε j ) = δ ij , and we denote by P C the C-space spanned by ε i . We also define β = −c + ε 1 , and α 0 = c − α max , where α max = ε 1 + ε 2 . The special vectors are only needed in types B n , D n and ε n+1 is only needed for type B n . We define C = C 1 ⊕ C 2 , where both subspaces C 1 = P C ⊕ P C and C 2 = P * C ⊕ P * C are maximal isotropic subspaces, where we define < P, P >= 0. We define the natural anti-symmetric bilinear form on C by
The Weyl algebra W (P ) is the unital algebra generated by the elements a(k) and a * (k), where a ∈ C 1 , a * ∈ C 2 , and k ∈ Z subject to the relations:
The representation space is the infinite dimensional vector space
where a i runs through any basis in P and P , say c, ε i 's and ε i 's. The Weyl algebra acts on the space V by the usual action: a(−k) acts as an creation operator and a(k) as an annihilation operator. We remark that using − , as the form on C is equivalent to switching C 1 and C 2 . As the symplectic form , is non-degenerate, the Fock space V is an irreducible module for the Weyl algebra.
For any bosonic fields
we define the normal ordering : u(z)v(w) : by swapping their components:
It then follows that : u(z)v(w) : =: v(w)u(z) :. Based on the normal product of two fields, we can define the normal product of n fields inductively as follows. In fact we define that
and then use induction till we reach two fields.
We define the contraction of two states by
which contains all poles for a(z)b(w). In general, the contraction of several pairs of states is given inductively by the following rule.
Theorem 3.1. (Wick's theorem [FF, K] ) For elements v 1 , . . . , v n we have
where the sum runs over all possible contractions of some u i 's and some v i 's.
Proposition 3.1. The basic operator product expansions are: for x, y ∈ C we have
In particular we have for a, b ∈ P C and Z + 1/2
Proof. In fact one has
The other OPEs are proved in the same manner.
Note that in both cases (Z and Z + 1/2) we have the following result.
Proposition 3.2. The bosonic fields satisfy the following commutation relations:
Proof. Using the fact that : u(z)v(w) :=: v(w)u(z) : it follows from Proposition 3.1 that 
Proof. By Wick's Theorem 3.1 and Proposition 3.1, we have for Z + 1/2
Hence the result follows. The case of Z is shown similarly.
The (anti-symmetric) inner product of the underlying Lie algebra can be extended to that of the linear factors as follows:
: r 1 r 2 :, : s 1 s 2 : = − r 1 , s 1 r 2 , s 2 + r 1 , s 2 r 2 , s 1 .
In the following we will describe the bosonic realization of the toroidal Lie algebra of classical types.
(i) Type A n−1 (n ≥ 2). The roots of the finite dimensional Lie algebra are ε i − ε j (1 ≤ i = j ≤ n). We associate to each finite root and imaginary root δ the following field operators. The level c = −1.
Using Proposition 3.3 we get for i = j
where ε i , ε j can be β (recall (β|ε i ) = δ 1i ). These commutation relations show that the construction provides a level −1 realization of the affine Lie algebra of type A. Moreover they also provide a representation for the toroidal Lie algebra, as the commutation relations involving α 0 are also similar to the above. In fact,
(ii) Type C n (n ≥ 2). The finite roots are
Note that −α ij = α ji . We realize the toroidal Lie algebra by the following field operators and the level is c = −1/2.
Several commutation relations are exactly the same as type A. Some new ones are obtained by Proposition 3.3 as follows.
[X(β ij ,z), X(−β kl , w)]
(iii) Type D n (n ≥ 4). The finite roots are ±ε i ± ε j (1 ≤ i = j ≤ n). We realize the toroidal Lie algebra by the following field operators. The level c = −2.
Then the Heisenberg field operators are generated by the simple ones α i (z) = a i,i+1 (z). We then have by using (3.7)
Also for any k = l we find that (using 3.7)
Serre relations are consequences of (3.7) and (3.9) for non-special nodes. It then follows that the operators X(±α i , z) generate a type A subalgebra for i = 1, . . . , n− 1 (n − 2 for A n−1 ). The verification for special node 0 is quite similar to the above provided that we view β as ε 1 in type C n , and β as ε n in type A when checking commutation relations.
In types D n and B n , the basic commutation relations are already given above using similar analysis to Eq. (3.7). For instance in type B n we have that
Serre relations can be easily checked from the above commutation relations plus properties of roots. We include one example to show the method. In the case of type C n we have The toroidal Lie algebra of type A 1 is also realized by the same formulae as given above. However some commutation relations are different from A n−1 (n ≥ 3).
[X(α 0 , z),X(α 1 , w)] = (: ε 2 (w)ε * where the last two relations imply the Serre relations immediately for toroidal Lie algebra of type A 1 . We remark that the construction in type B 2 gives another representation of toroidal Lie algebra of type C 2 at level −2.
